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ABSTRACT 

We investigate heterotic string-type model-building for the recently-pro- 
5P0sed fractional superstring theories. We concentrate on the cases with critical 
*^spacetime dimensions four and six, and find that a correspondence can be drawn 
^ttetween the new fractional superstring models and a special subset of the tradi- 
,.J^tional heterotic string models. This allows us to generate the partition functions 
^of the new models, and demonstrate that their number is indeed relatively lim- 
^ited. It also appears that these strings have uniquely natural compactifications 
j^to lower dimensions. In particular, the Dc = 6 fractional superstring has a 
natural interpretation in four-dimensional spacetime. 
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1. INTRODUCT 

It is generally accepted that string theory i 
a realistic hope of unifying all forces and ma 
provides an attractive solution to the problem c 
and general relativity. To date, the only kno^s 
the superstring theory'^' and the closely-relat 
one of the significant problems involved in su 
spacetime dimensions is the existence of a mult 
these string theories allow. This lack of unique: 
have critical dimension D = 10; in order to havi 
spacetime dimensions, one must therefore choc 
scheme for these six extra dimensions or represe 
in terms of arbitrarily chosen additional worl 
many ways in which this can be done, resulti 
classical vacua. It is presumed that some dyn 
argument might be used to select the vacuum ( 
physical world, but at present such approache; 

Recently, however, a new approach to suj 

[3] 

model-building has been proposed. Rathe 
string/heterotic framework, the fundamental 
of string theory called the fractional superstr, 
the critical spacetime dimension directly. Sui 
only serve as a more natural starting-point fo 
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but hopefully also lead to a smaller and thereby more compelling set of self- 
consistent classical vacua. The basic idea behind the fractional supcrstring 
is to replace the traditional right-moving worldsheet supersymmetry found 
in heterotic strings with a right-moving worldsheet fractional supersymmetry 
parametrized by an integer Kr > 2. Such a fractional supersymmetry relates 
worldsheet bosons not to fermions but rather to worldsheet parafermions, and 
one finds that the corresponding critical dimension of such a string theory is 

^ / ^ ^ 16//^/} for Kfj > 2 (fractional supersymmetry), ^ ^ 

i 26 for Kfi = 1 (no supersymmetry). 

The case Kr = 1 [D = 26) corresponds to the traditional bosonic string, and 
Kji = 2 [D = 10) corresponds to the traditional super- or heterotic string. The 
new theories are those for which Kr > 2, and we see that by choosing the cases 
Kr = 8 (£> = 4) or Kr = 4 (I? = 6), we can obtain significantly lower critical 

dimensions. For these cases we can therefore expect a smaller set of classical 
vacua and hopefully a more natural description of the physical world. 

These fractional superstring theories are indeed natural extensions of the 
Kr = 2 superstring theories, and it is straightforward to relate the two in terms 
of their underlying worldsheet physics. For the traditional superstring theory, it 
is well-known that the underlying worldsheet structure is closely related to the 
SU {2)2 Wess-Zumino-Witten (WZW) theory:'*' the worldsheet superpartner 
of the spacetime coordinate is a Majorana fermion t/;^, and this fermionic 
theory can be simply described by the WZW coset SU{2)2/U{1). Setting the 
remaining U{1) boson to an appropriately chosen radius reproduces the full 



SU{2)2 WZW theory, yet if we relax the rad 
ity, we can interpret this boson as the spacetii 
this decompactification procedure destroys th( 
model, but its superconformal symmetry survi 
theory. The fractional superstring theory has 
and is related in precisely the same way to t 
theories iov K>2. The general coset theories . 
parafermion theories,'^'"' and we once again c 
field by decompactifying the remaining W 
usual supercurrent for K > 2\s a. new current 
equivalently, spin) is {K -\- A) / [K -\- 2); these n 
tional spin, and (as we shall see) transform X 
the energy operator in the parafermion theorj 
to this remaining worldsheet symmetry as a 
metry, and to the strings based on these worl 
superstrings. Because the corresponding frad 
non-local on the worldsheet,'**' the analysis for 
tially more involved than for the simpler, loca 
as we shall see, concrete progress can indeed b 

In this paper we shall assume the underly 

superstring and concern ourselves primarily wi1 
that such fractional string theories allow; othi 
derstanding the underlying Fock-space structu 
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scattering amplitudes, examining the ghost system and developing a no- ghost 
theorem, are actively being pursued. Our approach, therefore, is to examine this 
space of models by studying the allowed partition functions that such models 
might have; in this way we are able to obtain a number of interesting results. 

First, we demonstrate that the fractional superstring partition functions 
are straightforward generalizations of the traditional [K^jKr) = (2,2) super- 
string and (1,2) heterotic string partition functions, and we explicitly develop 
a general procedure for constructing modular-invariant partition functions for 
our new models which are consistent with N = 1 spacetime supersymmetry. 

Second, and perhaps more importantly, by focusing much of our atten- 
tion on the {Kl^Kr) = (1,8) and (1,4) heterotic-type fractional superstring 
models, we find that we are able to make direct correspondences between these 
models and the traditional (1, 2) models; these correspondences are possible be- 
cause both theories are built from identical bosonic left-moving sectors. These 
correspondences afford us a means of generating what we believe to be valid 
(1, Kiij-type fractional superstring models, and we present a number of concrete 
examples with critical spacetime dimensions four and six. 

Third, our correspondences suggest that only traditional (1,2) models with 
a maximal number of spacetime supersymmetries can be related to fractional 
{l,Kfi) models (which were themselves constructed with N = 1 spacetime su- 
persymmetry) . This result therefore severely constrains the space of fractional 
superstring models in Z) = 4 and D = 6, confirming our expectation that the 
number of allowed models is indeed relatively small. 



Finally, we discuss an intriguing feature w 
perstring theories: quantum mechanics, loca 
gether seem to intrinsically select certain "n£ 
which these fractional superstring theories mi 
ural" dimensions are even smaller than their 
that our theories themselves seem to induce st 
achieve Lorentz invariance. These compactific 
tional string theories, are not at all arbitrary, a 
K = 4: fractional superstring has a "natural" ir 
spacetime. It turns out that this compactifi 
afford us with a means of building models con 
mental representations of relevant gauge groui 

All of our results therefore not only lend ( 
string idea, but may also, we hope, serve as i 
model-building program. In particular, the c 

arise from very general principles, and thus she 
of {KljKh) fractional superstring theories in 
dimensions. 

Our goals in this paper are two-fold: not oi 
discussed above, but we also aim to provide a 

original fractional superstring idea than was gi 
paper is somewhat lengthy; its organization is 
a self-contained introduction to the fractional 
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how this approach forms a natural gcncrahzation of the traditional supcrstring 
approach. Wo then in Sect. Ill proceed to survey the algebraic forms we expect 
partition functions to have for a general {Kl^Kr) string theory: for K =1,2 
we present known models which will play a role in later sections, and for other 
values of K we introduce the parafermionic string functions'^' and discuss 
how they enter into the new total partition functions of {Kl,Kr) models. We 
also demonstrate that spacetime supersymmetry can be incorporated for these 
models by choosing these string functions in certain linear combinations, and 
present a number of important new string-function identities. In Sect. IV we 
then turn our attention to the heterotic {I.Kr) theories, ultimately deriving 
various "dictionaries" relating these models to the traditional (1,2) models. We 
illustrate the use of these dictionaries by obtaining a number of new fractional- 
superstring models in _D = 4 and _D = 6, and in Sect. V we discuss precisely 
which traditional models may be "translated" with these dictionaries. In this 
way we observe an expected truncation in the size of the space of fractional 
superstring models relative to that corresponding to traditional superstring 
models in £> < 10, reflecting the fact that these new models are indeed in their 
critical dimensions. We close in Sect. VI with our discussion of various fur- 
ther issues in fractional superstring model-building, among them the creation 
of (1,4) models with chiral fermions and the necessity of compactifying or in- 
terpreting the (1,4) models in four spacetime dimensions. As we will see, these 
issues are intimately connected, and we expect the dictionaries we derive in 
Sect. IV to be easily generalizable to these cases as well. In Appendix A we 
gather together various definitions and properties of the parafermion characters 



(or string functions) which play an important i 
Appendix B we prove an assertion made in Se 
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2. FRACTIONAL SUPERSTRINGS 

In this section we provide a self-contained introduction to the fractional 
superstring theory as a natural generalization of the traditional superstring 

and heterotic string theories. We also review, where necessary, some relevant 
features of the underlying T^k parafermion theories, originally constructed by 
Zamolodchikov and Fateev. 

As outlined in Sect. I, the basic idea behind the fractional superstring is to 
modify the worldshcet symmetry in such a manner as to obtain a correspond- 
ingly smaller critical spacetime dimension. In order to do this, let us begin by 
considering the general SU{2)k WZW theory.'*' As is well-known, this theory 
consists of primary fields ^ini^) which can be organized into SU{2) represen- 
tations labelled by an integer j, where < j < K/2 and |m| <j with j — m e Z 
(for simplicity we are considering only the holomorphic components). Since 
SU(2) always has a U{1) subgroup which can be bosonized as a free boson cp 
on a circle of radius VK, we can correspondingly factor these primary fields 



exp<j -y^'Piz] 



(2.1) 



Here ip is the free U{1) boson, and the 4>^jn{z) are the primary fields of the coset 
SU{2)k/U{1) theory. This coset theory is the well-known Zk parafermion the- 



ory, and these fields arc the corresponding 
weights (or conformal dimensions): 



hi 



j{j + 1) _ 'nf_ 
K + 2 K 



The fusion rules of these parafermion fields ^ 
theory: 



,J2 1 

m2 J 



E 

3 = \jl-j 



where r = min(ji-|-j2, K—j\—j2) and where the 
fields (f>l^ and their descendants. The charac 

is the Dedckind r^-function and the are tl 
these hmctions will be discussed in more dctai. 
properties of these functions are collected in A 

Upon factorizing the primary fields as i 
currents factorize as well: 



J° = ^/K/2id(p 
J- = y/Kiple-'"^ 

where the parafermion currents ipi ^ cp'^ ^ 
mal dimensions i{K — i)/ K in accordance witl 



★ It is important to realize that for fixed K 
be realized in more than one way. Differe 
field contents, where any [^] can appc 
one. In general, the coupling constants ^ 
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sec that the parafermion stress-energy tensor TparaC^) = Tsu(2)k (-^) 

the parafermion currents -iAij i — 1,2, K — 1 form a closed algebra, namely, 

the Zk parafermion current algebra. 

Note that Vi acting on a field <^ increases the m quantum number by 
one but does not change the SU{2) spin j. Specifically, we can perform a 
mode-expansion for ipi 

Mz) = ^ Ad+„^-i-<*-"+i/^ (2.5) 

raeZ 

where d is a fractional number and the conformal dimension of A^+ri is — (d+n); 
the mode-expansion for the ip\ field can be handled similarly. In (2.5), of 
course, the value of d must be chosen appropriately for the particular parafer- 
mion field on which tpi{z) is to operate, e.g., for consistency we must choose a 
ipi moding with d = (2m -|- 1)/K when operating on We thus have 

where n are integers. There is also another special field in the parafermion 
theory, namely the energy operator e = (pl; operating on a field (/):^ with e 
preserves the m quantum number but yields sectors with j quantum numbers 
j + 1, j, and j — 1. Specifically, performing a mode-expansion for e as in (2.5) 
and choosing d as indicated below, we find the actions of its modes: 

e-2{j+l)/(K+2)+n ■ [<Pm\ ^ Wm^] 

e„: l^J ^ [<^J (2.7) 



Of course. (2.6) and (2.7) are valid only when p 
We thus see that the two fields ipi — and ( 
the entire set of fields [^], starting from any 

The next step in the fractional superstrir 
decompactify the free boson y>, replacing it w 
of infinite radius; this field X will be interprei 
time coordinate. This decompactification pn 
underlying SU{2) WZW symmetry of our thee 
remains. 

In fact, the symmetry remaining after the b 
than simple conformal symmetry. We can se 
following way. Let us construct the current 

J = edX + :e 

where e{z) is the energy-operator field and whe 
uct (and is in fact a parafermion descendent o 
For K >2, of course, the field e has conformal 

and it can be shown that the normal-ordered te: 
A:ee: = 1 + Af. This is a non-trivial fact, imply: 
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: ee : appears in the ee operator product expansion as follows: 
1 



e{z)e{w) 



{z — w) 



2A, 



+ ... + {z-wy-^^ -.ee-.iw) + ... (2.10) 



Thus, for iiT > 2 the current J in (2.8) has conformal dimension (or equivalently, 
spin): 

2 K + A 



Af = 1 + 

K + 2 K + 2 



(2.11) 



On the worldsheet this current J forms a closed algebra'*' with T{z), where 
T{z) = Tx{z)+Tps,j.a,{z) is the stress-energy tensor of the decompactified boson 
field X plus that of the Zk parafermion theory. Thus we see that J indeed 
generates an additional worldsheet symmetry which we refer to as a fractional 
worldsheet supersymmetry. Note that for > 2 the dimensions and A j 
are not simple half-integers. Thus, our underlying worldsheet {J,T) algebra 
is non-local, with Riemann cuts (rather than poles) appearing in the various 
OPEs. Note that this {J,T) algebra is merely the simplest algebra that can be 
constructed. For other fractional-superstring applications, this (j,T) algebra 
can indeed be extended to include additional currents. 

In order to achieve a sensible interpretation for a Z)-dimensional space- 
time, we associate the decompactified bosonic field X with a single spacetime 
coordinate and tensor together D copies of the {X,(j)^) (or boson plus Zk pa- 
rafermion) theory. We therefore obtain the fractional supersymmetry current 



J = e'^dX^ + :e%: 



(2.12) 



Minkowski metric. A crucial issue, however, is 
sion D for arbitrary K > 2. A formal dcriva 
established path: since the central charge of e< 



Co 



1 + 



2K-2 
K + 2 



where the Lorentz indices fj, = 0,1, ...,D — 1 are to be contracted with the 



one would need only to determine the central 
tiona/?t/-SM^)erreparametrization ghosts, and th 
cancels this quantity. Such a calculation is 
present remains to be done. Another approac 
of this theory and find a dimension D and a 
which extra null states appear; such work is 

[3] 

one can take a third approach and require 
model produced have a sensible phenomenolog 
massless graviton in the case of a closed string 1 
vector particle in the case of an open string 
is a requirement and not an assumption, for "v 
only those fractional string theories which co: 
are, from this standpoint, phenomenologically 
this requirement is not difiicult to implement. 

For a general closed string theory, the gi 
both arise from the same right-moving excitai 
in that they are tensored with dissimilar left- 
our requirement simply becomes a requiremej 



13 



14 



demand that this state exist {i.e., satisfy the physieal-state eonditions) and be 
masslcss. For a graviton or spacetime vector particle in a string theory with 
arbitrary K >2, this state is 



We thus see that the fractional superstring eh; 



x{q) 



{! + ...) 



-2/(if+2) \p)r 



(2.14) 



where is the right-moving vacuum state with momentum p, is a po- 
larization vector, and where e'^2/{K+2) lowest excitation mode of the 
parafermion field e. Note that the moding of the e field follows from its confor- 
mal dimension. This state is indeed the analogue of what appears for the K = 2 
case, in which a single lowest-mode excitation of a worldsheet Neveu-Schwarz 
fermion produces the needed state: \V)j^ — Cm^-i/2Ip) where \p) is the usual 
Neveu-Schwarz vacuum state and e'^j^yj ~ ^-1/2 lowest Neveu-Schwarz 
creation operator. (For the bosonic string the e field is absent, and we accord- 
ingly substitute the bosonic creation operator a'^^ for 6^^^2 or ^-2/{k+2)- "^^^ 
same argument then applies.) Thus, requiring the state (2.14) to be massless, 
we find in general that the vacuum state \p) in (2.14) must have vacuum energy 
VE = —V = —2/{K + 2). This information can also be stated in terms of the 
fractional superstring character x{q)- In general the character has a g'-expansion 
of the form 



(2.15) 



where q = exp(27rir), r is the complex modular parameter of the torus, and 
where a„ is the number of propagating degrees of freedom at mass level = n. 



where inside the parentheses all g-powers are i 
The only remaining non-trivial physical-st 

is 

J2/{K+2) \V)n = 

where J„ are the modes of the fractional sup 

[3] 

can indeed be shown to yield the expected t 
on the polarization vector C,^ (which is consi 
the polarization vector of the massless vecto 
therefore has only D — 2 polarizations (or degr 
follows that at all mass levels of the physical 
dimensions worth of polarization states are j 
Note that this latter assertion is not an ad( 
follows directly from modular invariance. We ci 
the longitudinal and time- like components of th 
removal of the corresponding g° terms in the pi 
(as we will see in Sect. Ill) comprise the total 
functions. However, the string functions c^, 
T modular transformations, form an admissib. 
group. Modular invariance therefore requirei 
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string functions from tfic total fractional-supcrstring partition functions, which 
in turn implies that there is indeed a large string gauge symmetry whose gimge- 
fixing provides the physical conditions effectively striking out all states involving 
longitudinal and/or time-like modes from every mass level in the theory. 

However, we now recall that conformal invariance requires the character 
X{q) to take the form 

X{q) = + (2.18) 

where c is the total effective conformal anomaly of the propagating degrees of 
freedom. Since each spacctime dimension contributes the central charge cq given 
in (2.13), and since we have determined that effectively only D — 2 dimensions 
contribute to propagating fields, we have c = (£> — 2)co. Thus, comparing (2.16) 
and (2.18) and substituting (2.13), we find the result 

£' = 2 + ^, K>2. (2.19) 

We see, then, that the critical dimension of the fractional superstring is a func- 
tion of the level K of the SU{2)k/U{1) coset {i.e., of the Zk parafermionic 
theory): for K = 2 we have D = 10, for ii' = 4 we have D = 6, and fov K = 8 
we obtain D = 4. For K =lwe need only set t; = 1 in (2.16) [as explained after 
(2.14)], whereupon the argument above yields D = 26. Thus, by appropriately 
choosing K and building the corresponding worldsheet fractional supersymme- 
try as discussed above, we can hope to obtain a series of new string theories 
with a variety of critical dimensions. 



It is easy to check that the K = I and K — '. 
string and superstring respectively. For K 

■ with a single boson (p; therefore, th 

"parafermion" theory) is trivial, containing o: 
are therefore no partners for our bosonic field! 
X** which they become), and hence for K = '. 
is conformal symmetry. This reproduces, of ( 
of the bosonic string. Similarly, for K = 2, t 
Z2 parafermion theory) is simply the Ising mc 

(the identity), (pl = (which is of course 

parafermion current t/'I: or equivalently the I 
1/2 

spin field o"), and (/>_j/2 {^^^ conjugate spin fi 
the worldsheet spin fields are responsible for 
together these fields form a Ramond worldshe 
the identity and tf) fields: when appropriately n 
worldsheet field whose excitations ultimately p 
we see that the field content of the SU{2)2/U{ 
worldsheet Majorana fermion theory, and the 
to the bosonic fields is an ordinary worlds 
reproduces the traditional superstring, and the 
tensoring of a if = 1 and K = 2 theory respc 
that this fractional superstring language provic 
to classify and uniformly handle all of the trac 
doing it also points the way to their non-trivic 
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3. PARTITION FUNCTIONS FOR 
FRACTIONAL SUPERSTRINGS 

Having thus presented the underlying basis for the fractional superstring 
theories, we turn our attention to the partition functions that these theories 
must have. We begin by reviewing the generic forms of these partition functions, 
and start with the known K = 1 and K = 2 cases to establish our notation and 
conventions. We will see, once again, that the K > 2 string theories have 
partition functions whose forms are straightforward extensions of those of the 
traditional cases. This will therefore permit us to write the partition functions 
for all of the {Kl^Kr) theories we shall consider in a common language. 

3.1. Traditional String Theories 

The first case to consider, of course, is the pure bosonic string; since there 
is no left-moving or right-moving worldsheet supersymmetry, we may refer to 
this in our new fractional superstring language as the {Kl,Kr) = (1,1) case. 
As discussed in Sect. II, the critical spacetime dimension for this string theory 
is D = 26, and thus this theory contains 26 bosonic worldsheet fields X'^, each 
of which contributes to the total one-loop partition function a factor 



each boson 



T2 rjT] 



(3.1) 



Here rj^r) is the well-known Dcdekind ry-function, and t — ti + zt2 is the torus 
modular parameter. Note that this factor is explicitly real because the left- 



and right-moving components of each boson ci 
already seen that only _D — 2 = 24 transverse c: 
is evident in a light-cone gauge approach), oui 
(1,1) string is therefore of the form 



^(1,1) 



T2 



-12 



1 



where we have defined A = ry^^. Note that the 
we will denote k, is in general given by 

k = 1 - D/2 

where D is the number of spacetime dimensio: 
lated. Hence, for the (1, 1) string in £> = 26 ( 
agreement with (3.2). In the theory of modi 
known as the modular weight; the ry-function 
and T : T ^ T + 1 as a modular function of ■ 
the holomorphic and anti-holomorphic pieces 
k = —12. Modular- invariance for the entire pe 
the modular weight of its holomorphic factors e 
factors, and that this weight also equal the pc 
can see that in (3.2) this is indeed the case. 

The next string to consider is the traditior 
has a full superconformal worldsheet symmet 
moving sectors, in our new language this is sim 
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That its critical dimension is 10 follows from (2.19), or cquivalcntly from the 
traditional argument in which the conformal anomaly c = —26 + 11 = —15 from 
the reparametrization ghosts and their superpartners must be cancelled by the 
contributions from D worldsheet boson/fermion pairs, each of which has total 
central charge cq = 1 + 5 = | [in accordance with (2.13) for K = 2]. In light- 
cone gauge only the eight transverse field pairs propagate, and therefore this 
theory has a total worldsheet field content consisting of eight real bosons (each 
with a left-moving and right-moving component) and eight Majorana fermions 
(or eight Majorana- Weyl left-movers and eight Majorana- Weyl right-movers). 
These fermions, we recall, can be described in our new viewpoint as simply the 
fields of the SU{2)2/U(1) Ising model, and we are free to group pairs of these 
Majorana- Weyl fermions together to form single complex Weyl fermions. The 
factor contributed by each of the eight bosons to the one-loop partition function 
is given in (3.1), and the contribution of each complex Weyl fermion is 

each Weyl fermion => — (3-4) 

where 1? represents one of the well-known Jacobi i?-functions defined in Ap- 
pendix A.* Since the contributions of right-moving fields are the complex- 
conjugates of those of left-moving fields, the total partition function for the 

★ Which particular i9-function is appropriate depends on the boundary con- 
ditions assigned to the fermion as it traverses the two cycles of the torus. 
Only periodic or antiperiodic boundary conditions will yield the Jacobi 
i9- functions, but if a fermion is chosen to have periodic/periodic boundary 
conditions then its zero-modes cause the total partition function to vanish 
identically. 



(2,2) string therefore takes the form 

^(2,2) ~ ^2"^^ 53 

where 1?* indicates four (not necessarily iden 
The summation in (3.5) is over fermion bomi 
order to achieve modular invariance. In this 
the schematic notation in (3.5), employing the 
general forms of partition functions. Note th 
transforms under the modular group with weig 
phic and anti-holomorphic factors in (3.5) — 1 
that k = —4 for this theory. This result is or 
spacetime dimension D = 10 according to (3.3 

We shall be most concerned in this paper w: 
The traditional heterotic string has a right-mc 
as in the superstring; hence the right-moving 
consist, as before, of eight bosons and eight 
critical spacetime dimension D = 10. As above 
for the right-moving sector. However, the I 
must also have the eight transverse left-mov 
fields, and thus in order to cancel the c = 26 c( 
reparametrization ghosts we must additionally 
(or equivalently 16 complex Weyl fermions, o 
<j)). Our traditional heterotic string is therefore 



T2 



-4a- 
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partition function of the form 

D = 10: Z(i,2) ~ r2-^A-iA"'^' ^y*^/ . (3.6) 

Note that we continue to have k = —4 from each factor in this partition function, 
in agreement with (3.3). As examples of (3.6) which will be relevant later, we 
can look at those known (1, 2) D = 10 theories (or models) which have spacetime 
supersymmetry. As is well-known, there are only two such self-consistent 
models: these have gauge groups 50(32) and Eg^Es- Their partition functions 
respectively are as follows: 

D = 10, SO{32) : Z = {^f ra"^ /C (/3^ + 7* + S^) 

(3.7) 

D=10,Es^Es: Z = {^f T2-* IC{p^ + + d^f 
where we have made the following definitions which we will use throughout: 

/? = 1?2^ 1 = ^3", 5 = 

J=j-f3-d, (3.8) 

Note that the partition functions (3.7) are indeed of the form (3.6), with the 
holomorphic parts factorizing into group characters to reflect the underlying 
group structure. The quantity J in (3.8) is of course the Jacobi factor, and 
the spacetime supersymmetry of these models (or cquivalcntly, the vanishing of 
their partition functions) arises from the identity J = 0. It is in fact a further 



identity that 

P'^ + j^ + S^ = i(/32 + , 

as a consequence of which the two partition f 
without use of the Jacobi identity J = 0. 

It is straightforward to check the modul 
functions (3.7). For any A= (° ^) in the m 
so-called "stroke" operator [^4] : / — > f[A] wht 

{f[A]){r) ^ (cT + d)-^ 

(here k is the modular weight of /). It then fo' 
mation properties of the r] and "& functions (se 

0[s] = -6 , m : 

7[5] = -7 , -f[T] -. 
6[S] = -P , 6[T] -- 
IC[S] = +1C , /C[T] 

Thus, K is itself modular-invariant [i.e., invai 
each partition function the other factors invo 
are) themselves modular-invariant as well. 

It is also possible to construct self-consist 
D < 10; one needs simply, for example, to rc-ir 
degrees of freedom or in some other manner hii 
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{e.g., through coinpactihcation). Wc stress, however, that all such methods do 
not alter the underlying critical dimension away from 10; these theories remain 
theories of the (1,2) variety. For example, one method of constructing (1,2) 
models in D = 4 involves fermionization: each of the six extra left- or right- 
moving bosonic degrees of freedom can, for example, be represented in terms of 
two free worldsheet Majorana-Weyl fermions (or a single free Weyl fermion).'^"' 
The propagating field content for this four- dimensional (1,2) theory therefore 
consists of two left-moving and two right-moving bosons, as well as 22 left- 
moving and 10 right-moving Weyl fermions. The total partition function for 
such a D = 4 (1,2) theory hence takes the form 

Note that once again (3.3) is satisfied, with k = —1 for D = 4. As an ex- 
ample, we present the partition function of what is possibly the simplest such 
spacetime-supersymmetric model that can be constructed. Named Model Ml 
in Ref. [10], it has gauge group S'0(44), the largest possible in D = 4; its 
(modular-invariant) partition function is 

D = 4, 50(44) : Z = (i)^ rj-^ /C + I7I77' + l-^l^-^') • (3.13) 

Since the "maximal" gauge group allowed in D dimensions is 50(52 — 2D), we 
see that this model is the D = 4 analogue of the D = 1Q 50(32) model in (3.7). 

We note for future reference that this idea can in fact be generalized to 
obtain (l,2)-type theories in any spacetime dimension D < 10. We in general 



obtain the partition function form 

general D : 2{i,2) ~ ^2'' A^ 

where k is given by (3.3) and 

n = 26 - D = 24 
n = 14 - D = 12 

Much of our work will be concerned with modt 
k = —2, n = 20, and n = 8. The "maximally sj 
SUSY has gauge group 50(40); its partition fu 
supersymmetric models we will be discussing, 

D = 6, 50(40): Z = {\f t^'"" IC 
D = 6, 50(24)^^8: Z = (5)^2"^ /C 

X (00 

D = 6, 50(24)0 50(16): Z = (i)-V2-2/c 

+ 77'(/3'+7' 

We again observe the familiar factorization, wii 
(3.7). It is simple, using (3.11), to see that the 
modular- invariant . 
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3.2. Fractional Superstring Theories 

The partition functions for fractional superstrings can be determined in 
precisely the same manner as above. Since we know the critical dimension D 
for a given value of K, we can readily deduce the forms that partition func- 
tions must take for general (KljKji) combinations. The factor contributed to 
the total partition function from each worldsheet boson is given, as before, by 
(3.1); recall that this factor includes the contributions from both holomorphic 
and anti-holomorphic (or left- and right-moving) components. The factor con- 
tributed by each worldsheet parafermion, however, is a generalization of (3.4); 
in general we have 

each parafermion => rjc (3-17) 

(the above is for left- moving parafermions; right- moving parafermions con- 
tribute the complex-conjugate). Here rj is the usual Dedekind function, and c 
schematically represents one of the so-called parafermionic string functionsT'^^ 
These functions are defined in Appendix A, but for our present purposes we 
need record only the following facts. These functions may be defined in 
terms of g-expansions which depend on K as well as the two parameters (. and 
n, and one string function may correspond to more than one parafermion 
field (for example, the distinct fields and (jy'_^ both give rise to Cj^). 
Each is an eigenfunction under T : t ^ t + 1, and under 5 : r — > — l/r 
they mix forming a closed set; furthermore, they transform under the S and T 
transformations with the negative modular weight fc = — | . 



As expected, these string functions (which 
the traditional modular functions for the K 
is indeed precisely what occurs. For the K = 
function Cq, and since our SU{2)x/U{l) theory 
<f)Q, we quickly have 

K = l: r?cg = 1 =^ 

Thus, for K = 1 the one string function cjj is i 
Similarly, for K — 2 there are precisely three 
and these are related to the three fermionic Ja 

r Hc\f 

K = 2: i4 + cir 

For K > 2, of course, the string functions invo 
functions. 

Therefore, looking first at the [Kl^Kh) 
(these are the generalizations of the usual Ty 
worldsheet field content consists (in light-cor 
ordinate bosons and 1&/K each of left- and 
therefore obtain the form for the total {K, K) 

Note that k= —8/K= 1 — D/2 in accordance 
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the T/-fiinctions have cancelled between the bosonic and parafermionic contri- 
butions. Thus, in our cases of interest we obtain: 

D = 6: Z(4_4) ~ T2"^ 



-4 4 

c c 



£) = 4: 



-(8,8) 



T2 



-2 2 
C C 



(3.21) 



Similarly, one can consider the analogues of heterotic string theories; these 
would be the {K]^,Kfi) = (1,-ftr) situations. The right- moving sectors of these 
theories are precisely as in the {K,K) cases, and hence the anti-holomorphic 
parts of their partition functions have the same form as in (3.20). Since their 
left-moving sectors must already contain the left-moving components of the 
coordinate bosons, we must augment their left-moving field contents to achieve 
conformal anomaly cancellation. The contribution of the bosons to the central 
charge is of course 2 + 16/ K, and since this sector is a bosonic theory we must 
cancel the usual ghost contribution c = —26. This requires additional matter 
fields with central charge 



Ac 



K 



(3.22) 



and we may choose these fields to be Ac complex Weyl worldsheet fermions 
[each of which has the partition- function contribution given in (3.4)]. Thus, 
for a general heterotic- type {1,K) theory we expect a partition function of the 
form 



(3.23) 



Note that since Ac = 8{3K — 2)/K = n [where n is the quantity defined in 



(3.15)], the holomorphic part of this partitio: 
as we obtained in (3.14) for general spacetimc 
to be expected; these left-moving sectors are t 
difference, however, is that the heterotic (1, K) 
for all values of K. 

For completeness, we should also note that 
case, to consider (1,-^") theories in spacetime d 

example, choose to retain D of the above be 
Dc — D bosons with as many worldsheet Wey 
such a sector the partition function contributii 



D-2 



(,c)-/- ( j 



D^-D 



the first factor is the contribution of the D — 2 
that of the original Dc — 2 — 16 /K parafermio 
fermionized Dc — D bosons. Thus, for example 
D = 4 theory: one can consider a (1, 8) theory i] 
theory in which two dimensions are in some v 
We shall discuss this latter possibility in Sect. 

In fact, use of these parafermionic string 1 
gether in a simple way all of the partition fui 

for the general {Kl^Kh) theory in arbitrary i 
value of Kji, we have considered the two cas< 
traditional string theories as well as our new 
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simply 

= r.'^^Lf^)^ (3.25) 

i 

where the L^^^^ are the contributions from the left-moving sectors and the 
i?-^^^ are from the right-movers. In the above formula k is always given by 
(3.3) (where D is the dimension of spacetime, not the critical dimension). If 
we define the critical dimensions = 2 + IQ/Kr and = 2 + 16/Kl (or 26 
if the corresponding K = 1), then the general forms for the L, and Ri can be 
given as follows: 

if-) ^ c^c-2i?^c-^ , ijf «) ^ c^f-2^D«-D _ (3 26) 

We can easily check the special cases K = 1 and K = 2. For a (1,1) theory 
formulated in arbitrary D < ^ 26, (3.18) yields L^^^ = R^^^ = A-^iJ^e-D. 
for D = Dc this therefore reproduces (3.2), and for D < Dc this reproduces 
the holomorphic part of (3.14) for the (1,2) theory. Similarly, for Kji — 2 
in arbitrary dimension D < Dc, (3.19) yields R^^^ = A~^'d^^~^ , in accord 
with the anti- holomorphic part of (3.14). Thus, (3.25) and (3.26) are indeed 
the most general partition function forms for the traditional as well as the 
fractional string theories, brought together in a natural way through our use of 
the parafermionic string functions. 

In order to construct sensible partition functions having the above forms, it 
is first necessary to find suitable combinations of the string functions which can 
replace the c^'=~^ factors above. There are several requirements. First, we want 



linear combinations which are tachyon-free: th 

n 

we must have a„ = for all n < 0. Second, 
spectrum of massless particles: this means th 
corresponding to a massless sector in the lir 
ao ^ 0. Third, since we would like to use the 
ing heterotic partition functions, we must den 
invariant under : r — > r + 4 (this is beca 
expressions with which we will be dealing sh 
guagc of (3.27), this means that a„ = for a' 
niodular-invarianco for our total partition func 
any set of linear combinations satisfying the a 
imder S : t — 1/t. Finally, for a given K, we 
linear combinations each involve Dc — 2 power 
K >2 this means that we require 16 /K string 
we require 24. 

It is clear that linear combinations satisfj 
exist for the K = 1 and K = 2 cases; ioi K = '. 



■k This expression Ai actually has a„ 7^ f 
known result that the bosonic string con 
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and for K — 2 wc can choose: 

A, = 8(c°)^cg - 8{clf + 56(c°)5(cg)3 + 56(c°)3(cg)5 + 8c°(cg)^ 
= iA-V2j. 

(3.29) 

We note that in each of these cases only one linear combination is necessary to 
achieve closure under S and T, and we observe that ^2 = as a consequence 
of the Jacobi identity J = 0. This is simply a reflection of the spacetime super- 
symmetry of the superstring. These two expressions have, of course, already 
been determined: -Z(ij) in (3.2) is merely T2~^^|^ip, and T2~^|j42p is merely 
a special (spacctimc-supersymmetric) case of 2^(2,2) in (3.5). 

Similarly, it is possible to construct linear combinations satisfying all of the 
above constraints for the K = A and K = 8 cases as well." These are as follows. 
For = 4 we have the two combinations: 

A, = 4(c0 + ctficl) - Heir + S2{4ficl) - i{cl)' , 

B, = -A{clf{clf + 8(c° + ct){cl){ctf (3.30) 

+ 4(c° + ctf{cl){cl) 

and for if = 8 we have the three combinations: 

A, = 2(cl5 + cl){cl + cl) 2{c\Y + 8(c«cl) - 2{ctf , 

i?8 = 4(c° + clM) + 4(cg + cl){cl) - Hctct) , (3.31) 

= 4(ci + ci)(c| + cl) - A{4f . 

[In fact, combinations satisfying these requirements exist for the K = 16 {D = 
3) case as well.'"' ] The transformation properties of these functions under 



S and T will be given in Sect. IV; in partii 
has a (j-expansion of the form (/''(I + ...), wh 
exponents are non-negative integers and wher 
for B4 and Bg, and h = 3/4 for Cg. Thus, 
particles can contribute to the these partition 
As: indeed, the terms (cq)^°~^Co can be inte: 
spacetime vector particles, and the terms — (( 
corresponding to massless spacetime fermioni 
We will, therefore, take these combinations as 
constructing our fractional superstring partiti 
for the c^^~'^ factors in the K = 4 and K = 8 

In fact, it turns out that there is one additi 
by the expressions in (3.30) and (3.31). Just e 
1?- function identity J = 'y — (3 — 6 = 0, it can be 
parafermionic string-function expressions vani; 

A4 = B4 = As = Bs - 

Thus, for if = 4 we have the two new Jacobi- 
for ii' = 8 we have the three new identities As 
exist for the K = 16 case as well.'"') This resi 

can then serve as the mechanism by which any 
be made consistent with spacetime supersymn 
spacetime supersymmetry must therefore hav 
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these Jacobi-like faetors, and the K = 2 fuU Jacobi identity A2 = appears 
merely as the K = 2 special case of the more general identities for general even 
integers K. 

We emphasize that such B and C sectors, necessitated by closure under [S] 
for the K = A and K = S> theories, are completely new features arising only for 
the K >2 fractional supcrstrings, and as such they are responsible for much of 

the new physics these strings contain. For example, not only do they lead (as 
we have seen) to multiple independent Jacobi identities, but they may also be 
responsible for self-induced compactifications of these strings. We will discuss 
this possibility in Sect. VI. 

In fact, the Jacobi identity is not the only famous identity which generalizes 
to higher K. For K = 2, there is another well-known identity involving the 77 
and z?-functions: 

i?2i?3i?4 = 2r7^ ; (3.33) 

this identity relates the fermion characters i?, to the boson character ry, and 
hence we may refer to this as a bosonization identity. It turns out'"' that 
(3.33) is only the K = 2 special case of another series of identities, each relating 
the more general 7ik parafermion characters for a different K >2 to the 
boson character r]. In fact, there also exist various other series of identities 
whose K = 2 special cases are known and have well-understood physical inter- 
pretations; proofs of all of these identities, as well as methods for generating 
them for arbitrary K, are presented in Ref. [11]. We therefore see that the 



string functions cf^ provide a uniquely compel 
alize previously known string-theory results, p 
and other identities whose physical interpret: 
explored. Thus we see again (this time on tl 
by leading directly to these string-function exj 
tional superstring construction does indeed pre 
generalizing the traditional string theories. 
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4. DICTIONARIES FOR MODEL-BUILDING 



4.1. Modular Invariance 



Having established that spacetime supersymmetry can be incorporated by 
using the expressions (3.30) and (3.31), we now turn our attention to the con- 
struction of actual supersymmetric {Kl^Kr) models. We focus our attention 
primarily on the heterotic {Kl,Kr) = (1,4) and (1,8) cases, and construct a 
procedure for generating models in those classes. Our procedure involves "trans- 
lating" or drawing correspondences between the (1, K) models and known (1, 2) 
models in D = 2 + 16/K, and we construct "dictionaries" which enable these 
translations to take place for a given K. We find that these dictionaries are 
intuitive and practical, and furthermore (as we will see in Sect. V) they yield 
substantially and understandably smaller spaces of {l,K) models than (1,2) 
models in D < 10. In particular, we will find that only those (1,2) models 
which have a maximal number of spacetime supersymmetries are translatable; 
these are the models with N = Nj^ax SUSY, where 

{1 for £> = 10 
2 fori) = 6 (4.1) 
4 for £) = 4 . 

We should point out that throughout this and the next section we will be 
focusing our attention on those (1,2) models whose partition functions can be 
built from Jacobi ?9-functions, in accordance with the presentation in Sect. III. 

This is indeed a broad class of models, but it is not all-inclusive. However, 
the dictionaries we will be developing for these models rest on very general 
principles, and we expect this dictionary idea to be equally applicable to other 
methods of (1,2) model-construction as well. 



As discussed in Sect. HI, models of the (: 
mensions D — 2 + 16/K must have partition fi 

and spacetime supersymmetry can bo incorport 
to take the values Aj^, B^, and (for K ~ i 
slightly, and refer to these quantities coUectiv 
K = Si and i = 1,2 iov K = A. Supersymmi 
partition functions 

i 

where the F's take the forms 

Let us now determine the constraints we 
modular-invariance. It follows from the transi 
vidual string functions under the [5]-transf 
the expressions ^(x) transform as 
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where the matrices Mf^x) are 



Proceeding precisely as above, we find the add 



M(4) = 



1/2 3 
1/4 -1/2 



M(8) = 



/1/2 1/2 1 \ 

1/2 1/2 -1 
Vl/2 -1/2 / 



(4.6) 



and where the stroke operator [S] was defined in (3.10). Demanding [S]- 
invariance of the total partition function Z therefore yields 



Z[S] = e-'^'^^l'^ T2''Y^M'^ A:> F\S] = T2^Yj 



or 



pi = e-^'^*/-^ ^(M*)*J'FJ'[5] 



(4.7) 



(4.8) 



where M* is the transpose of M. Since = (M*)^ = 1 for both cases K = A 
and 8, we can immediately solve (4.8) for F^[S], yielding the constraint 



Similarly, under [T] the A's have the transformation 



(4.9) 



(4.10) 



where the matrices N(^k) are 



1 
-1 



^(8) = 




(4.11) 



F'[T] = Yj^'^ 
j 

which in this case imply simply that each F' m 
as does the corresponding A*. This is also clea 
under T : r ^ r + 1 means that in = r2'^ 
only if m — n G Z. Since each has a (/-cx] 
...) where inside the parentheses all powers ol 
corresponding must take the same form w: 
the content of (4.12). 

We now give a general procedure for obtai 
(4.4) which satisfy both (4.9) and (4.12). L 
case, after which the K = A case will be strai, 
we consider the space T of polynomials in tl 
(so that /[T^] = / for all / e J^), and establ 
(£ = 0, 3) in this space. These operators Pi 



Pif = 



4 ^ exp <; ; 

n=0 



where / S is any polynomial in this space 
Y]g = 1 and PiPi' = PiSui . These operator 
when operating on any f & T, Pi selects out t^ 
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/ which have powers equal to £/4 modulo unity - i.e., 

(P,/)[T] = exp (P,/) V/e^. (4.14) 

For example, if / = 1?2^1?3'^^^4^ then 

Plf = ^1?2'(l?3l?4)'(t?3' + 1?/) , 

Psf = il?2'(^?3^4)'(V - 1?3') , (4.15) 
Pof = P2f = 0. 

Let us also define (for the sake of typographical convenience) the operator 
<S = exp{— 47ri/ii'}[S']. Then our procedure is as follows. Choose an / e ^ of 
the form i?^^"^, and calculate the quantity 

f = A-i lim [i(l-Pi)(l+5)]"/. (4.16) 

If PaSP^i = 0, then up to one common scale factor the corresponding solution 
for the P's is: 

= PoSP^f , P2 = -Ps^Paf , = Psf . (4.17) 

It is easy to see how this procedure works. The goal is to construct a 
set of P's which are distinguished by their eigenvalues under [T], and which 
furthermore are closed under [S] . This wc achieve by constructing a quantity f 
which itself is iS-invariant, and from which the individual P's can be obtained 
by projection. The crucial element in K = 8, however, is the fact that this f 



must satisfy Pif = 0; wc cannot accommodate 
equalling 1/4 modulo unity in building the dcs 
there is no corresponding term Dg, with this 
difficulty as follows. Starting from any /, a firs 
quantity f(°) = iA-i(l+5)/. We then enforce 
modifying the guess: f'^^ = (1 ~ Pi)f^°^. Howe 
that f^^^ is <S-invariant, and we therefore re-af 
process iterates until we have finally achieved a 
no Pi-projection - i.e., which is preserved undi 
i(l +5) and (1 - Pi). We write this solution 1 
of course if this iterative process fails to convcr 
(In practice, however, with / restricted to the 
almost immediately.) Having thus found f, 
Since the i = 3 component of (4.9) tells us tha 

SF^ = Ml§^F^ + Mfi^F"^ 

we must correspondingly define F^ = PqSF^ 
these choices are consistent only if P3<SP^ = C 
=0 in (4.6). 

Generating solutions for the = 4 case is 

space J- of polynomials to be that generated bj 
for all / e T), and consequently we need C( 
operators Pq and P2 (since Pi/ = P3/ = 1 
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f e we define 

f = iA-i(l+5)/, (4.19) 
whereupon we quickly have the solutions (up to a common scale factor) 

= Pof , = AP2SPof . (4.20) 

Note that there were two reasons this K = i case was significantly simpler 
than the K = 8 case. First, for K = 4wc must demand Pif = P^f — instead of 
the more difficult K — 8 constraints Pif = 0, P^i 7^ 0; the presence of two zero- 
constraints in K = 4 instead of only one allowed us to subsume them together 
into a restriction in the space J^. Second, the matrix M(4) has no zero entries; 
hence the -F's can always be found by simple projections and only their relative 
normalizations need be determined. In K = 8, however, we must further assert 
P^SP^f = 0; as stated above, this occurs because M^^-^ = 0. 

Given these procedures for generating solutions for the F's satisfying (4.9) 
and (4.12) in the K — A and K = 8 cases, it is easy to build modular-invariant 
partition functions of the proper forms. Let us first construct some examples for 
the (1,4) case. Taking / = 2/3^ [where we remind the reader of the definitions 
in (3.8)], we find f = A-i(/3^ + S^), whereupon (4.20) yields the results 

= iA-i(75 + 55) , = A-i[2/35 + (i^-^^)] . (4.21) 

Since the internal gauge symmetry for such models is determined, as usual, by 
the left-movers, we can quickly identify this solution as corresponding to gauge 



group 5*0(40), the largest allowed in six spa 
example, wc start with / = 2f3^{P'^ + 6"^): t 
7^ + (5^) and the solutions 

F' = ^A-'{^'+5'){f3^+^'+S'), F^ = A- 

The presence of the Eg character + 7^ + (5^ r 
corresponding to this solution as 50(24) Fg 
we can choose / = 7^(/3^ + 7^ + (5^). Prom this 

= A-i {1(73 + 53) (^2 ^^2) ^ 
F^ = A-i|(73 + <53)(72-(52) + 
+ 2/32 (/-53)| , 

which (as we will see) can be identified with th 
One can similarly construct partition functio 
stance, starting with / = 2/3-^^/^, we find (o 
^-1^^11/2 _^ ^11/2^^ which immediately leads t 

Fi = iA-i(7ii/2 + 
F^ = iA-i(7ii/2 _ 
F^ = A-I/31V2 . 

Note that PsSPsf = 0, so this solution is in( 
solution corresponds to 50(44), the largest all 
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4.2. Dictionaries for Model-Construction 

While thus far it has been quite straightforward to identify the gauge groups 
corresponding to our partition functions, we have been deaUng only with the 
simplest of cases; furthermore, in principle almost any properly-chosen function 
/ can serve in generating solutions, and wc require a way to discern which 
of all possible solutions correspond to bona-fide fractional superstring models. 
Toward this end we now develop a method for generating partition functions 
which we believe do precisely this in the heterotic {l,K) cases, and for which 
the underlying physics is substantially more transparent. Our approach rests 
on two fundamental observations. 

The first observation has to do with the existence of a model with maxi- 
mal gauge symmetry for the (1,2) heterotic string in D dimensions. For any 
value D < 10, there is always a self-consistent (1,2) model which can be for- 
mulated with gauge group SO{52 — 2D) - such a model is, in a sense, the 
starting point in model-building, for all other models can be obtained from 
it by altering this known solution via orbifolding, e.g., by adding twists, al- 
tering the boundary conditions of worldsheet fields, adding new sectors, etc., 
all of which tends to break the gauge group and correspondingly add new 
terms to the partition function. We therefore assert that such a self-consistent 
model exists as well for the {1,K) fractional superstring, and has gauge group 
50(52 - 2D) = SO (48 - 16/ K); indeed, the validity of this assertion follows 
directly from the (assumed) self-consistency of the K > 2 fractional superstring 
right-moving sector and the near-decoupling of the gauge sector (the K = 1 left- 



moving sector), as will be discussed below. Sii 
the unique partition functions corresponding t 
and (4.24)], it therefore follows that these two 
correspond to actual {1,K) models. 

Our second and more important observa 
tween the left- and right-moving sectors of a 
is well-known for the traditional (1,2) heterot 
sector carries with it all of the information con 
and particle representations; the right-moving 
ries with it the linkage to spacetime physics, 
spacetime supersymmetry. One builds a mo( 
spective sectors so that certain physical conf 
maintain worldsheet (super)conformal invaria 
incorporates proper level- matching) , spacetim 
ically sensible internal (GSO-like) projections 
spacetime spin-statistics). Of course, not all 
pendent. Some of these requirements can cle 
right-moving sectors separately: among these < 
per)conformal invariance, spacetime Lorentz in 
projections. Modular invariance, on the othe 
jointly. Thus, when building a model, one muE 
constraints: those which involve the left- and ri 
independently (guaranteeing that they are eac 
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those (i.e., modular invariancc and the implied level-matehing) which insure 
that they are properly coupled or linked to each other. 

In the case of the heterotic {l,K) fractional superstring, we expect the 
same situation to prevail: we must determine those K = 1 left-moving sectors 
which are themselves internally self-consistent, and then we must join them 
with our (assumed self-consistent) K > 2 right-moving sector in such a way that 
modular-invariance is satisfied. Fortunately, the underlying physics of a if = 1 
left-moving sector is well-understood; for example, descriptions of it in terms 
of lattices, orbifolds, or Fock-space spectrum-generating formulae abound. In 
particular, it is well-known how to construct valid (1, 2) models which satisfy all 
of the physical model-building constraints we have listed. Therefore, one might 
hope to be able to build valid {l,K) models by first building valid (1, 2) models, 
and then "replacing" their K = 2 right-moving sectors with our new K > 2 
right-moving sectors in such a way that modular-invariance (the sole "linking" 
constraint) is not violated. Such a procedure would thereby guarantee, in the 
language of the previous subsection, a set of _F*'s which themselves are known 
to correspond to valid K =1 left-moving sectors. 

It turns out that these arguments can be phrased directly in terms of a 
correspondence or "dictionary" between right-moving K = 2 physics and K > 2 
physics, in the sense that they may be substituted for each other in this way 

when building models. At the level of the partition function (which has been the 
basis of our approach), this means that we arc able to draw a correspondence 
between the respective 6-functions of these right-moving sectors. For the K > 



2 theory these 0-functions are simply the e: 
been using to build our partition fimctions, a 
functions are the usual Jacobi ?9-functions. ^^ 
construct a dictionary relating the expressions 
in the sense that the two underlying sectors 
expressions couple in the same manner to left 
be used interchangeably in building self-consisi 
(l,i^)type. 

It is fairly straightforward to construct tl 
functions and the i?- functions, for our first assu 
solutions (4.21) and (4.24)] allows us to mak 
maximal gauge symmetry. Let us first concen 
from Sect. Ill that the supersymmetric (1,2) n 
gauge group 50(40) has the partition functioi 

(where /C = A^^A J). Repeatedly making 
Aa + Bb = ^{A + B){a + b) + 
it turns out that we can write 

+ 3(^-7 + 

+ + 
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We therefore have 

_ _ ^ ^^-^^^ 

for the (1,2) maximahy symmetric model in D = 6. 

The next step involves properly interpreting some of the factors in (4.28). 
Since this is the partition function of a (1,2) model, the critical dimension 
is 10, and reducing the spacetime dimension to 6 through fermionization (as 
discussed in Sect. Ill) yields worldsheet matter consisting of the 4 transverse 
bosonic coordinate fields, 16 Majorana-Weyl right-moving fermions, and 40 
Majorana-Weyl left-moving fermions. This is why each term in (4.28) contains 
two anti-holomorphic powers of /3, 7, or S (recall that J = 7 — /3 — (5) , and five 
holomorphic powers of (3, 7, or 6. Of these 16 right-moving fermions, four are 
the superpartners of the bosonic coordinate fields (and hence carry spacetime 
Lorentz indices) while the remaining twelve are internal and carry only internal 
quantum numbers. However, of these twelve, four had previously been the 
superpartners of the (now fermionized) 10 — 6 coordinate bosons, and as such 
their degrees of freedom (in particular, their toroidal boundary conditions) must 
be chosen to be the same as those of the four fermions carrying Lorentz indices. 
In Ref. [10], for example, this is the result of the so-called "triplet" constraint, 
which arises by demanding the periodicity or anti-periodicity of the worldsheet 
supercurrent on the worldsheet torus. Thus, the 16 right-moving Majorana- 
Weyl fermions split into two groups: the first eight (which include the four 



with spacetime Lorentz indices) must all have 
and the remaining eight (all of which are are i 
independently. As we can see from the partitio: 
of eight right-moving worldsheet fermions are j 
to produce the overall factor of J: this is ind 
supersymmetry. The remaining eight right-m 
internal, and these are responsible for the rem; 
6 within the braces in (4.28) above. 

This understanding is very important, for 
factor in the second line of (4.28). As we statec 
spacetime supersymmetry: the identity J = 1 
tion of spacetime bosonic states against spacet: 
factor of J, however, arises from exclusively i 
thus for this term the identity J = represei 
tion between particles of the same spacetime 
same particle states). Thus, the last term in ( 
whatsoever, and may be legitimately dropped. 

X |i (^ + 7-^) [2/3' + (7' -5') 
for this (1,2) model, or equivalently 

„ ^ -2 / pK=2,D=6 j-SO{40) 

2-30(40) = r2 <Ki ivi -I- 
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where the two factors arising from the right- moving K — 2, D — 6 theory are 



correspondences: 



(4.31) 



and where the two factors arising from the left-moving K = 1 50(40) theory 



are: 



(4.32) 



Now that we have rewritten (4.25) in the form (4.30), we can compare this 
result with the partition function for the (1,4) 50(40) model. Recall that this 
latter partition function was found to be [see (4.3) and (4.21)]: 



T2 



= T2 



|iA4A-i(75 + ,55) + fi4A-i[2/35 + (75_^5)]| 



(4.33) 



note that one can veriiy the overall normahzation of (4.33) by counting the 
numbers of low-lying [e.g., tachyonic or massless fermionic) degrees of freedom. 
It is clear that (4.30) and (4.33) have the same left-moving holomorphic pieces 
^so(4o)^ and therefore we can relate them to each other, i.e., 



^(1,2) = ^(1,4) for 50(40) 



(4.34) 



^(4) 
^(4) 



^4 = Rf= 



* r,K= 



Ba = ft. 



(where = indicates this relation or correspondence), if we make the following 



where the R's are given in (4.31). This resu' 
"dictionary" relating and B4 to the Jacobi 
to interchange their corresponding K = 2 and 
the partition-function level) in order to build 
remark that in principle it is just as straightf 
suitable for building (2, 4) models; indeed, the 
have obtained can themselves be taken as the 
from the self-consistent left-moving sectors of i 

Note that if we had not dropped the th 
function (4.28), we would have required a thi 
to relate to 

^x=2,D=6 ^ A-V2j(^_/3_j] 

Here we have explicitly indicated the origins 
factors, labelling with subscripts whether they 
from spacetime or internal degrees of freedon 
string- function expression O4 does not exist. 
GSO-projection Jint = enables us to avoic 
internally self-consistent manner, and thereby 
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There arc several things to note about this dictionary. First, wc observe that 
this dictionary is self-consistent as a relation between modular functions, with 
each side of the relation transforming under the modular group with weight k = 
—2 [as appropriate for D = 6, according to (3.3)]. Furthermore, the expressions 
on the right side of (4.35) mix under the [6"] -transformation with the same 
matrix M(4) found for the ^(4)5 and the same, of course, holds true for the [T]- 
transformation and the A''(4) matrix.* Indeed, the right sides of (4.35) each have 
g-expansions of the forms g''(l-|-...) where inside the parentheses all g'-powers are 
integral and where /i- values are equal (mod 1) on both sides of each equation. 
Additionally, this dictionary incorporates the spacctime supersymmetry of A4 
and B4 in a natural way, allowing these expressions (which are themselves the 
"Jacobi identities" for K = 4) to correspond to expressions proportional to the 
spacetime factor J, the K = 2 Jacobi identity. 

In fact, from this dictionary it is now clear that one cannot expect to fac- 
torize the string-function expressions A'^^^ into two pieces, one of which might 
vanish on its own. In the (1,2) theory [i.e., the right side of (4.35)], the J 
factor is the result of spacetime-related degrees of freedom, and the remaining 
factors linear in /?, 7, and 6 in (4.35) are the contributions from the internal 
right-moving degrees of freedom. For the K = 4: theory, however, we are in the 
critical dimension, and hence all right-moving modes carry spacetime informa- 
tion and play a part in yielding spacetime supersymmetry. We therefore do not 

★ One must not forget that when performing the [S] transformation on the 
right sides of (4.35), self-consistency requires setting factors of Jint to zero. 



expect to be able to factorize the left sides of 
correspondences between individual factors on 

This dictionary allows us to easily gener 
models: we start with a known (1, 2) model cor 
spacetime dimensions, and then make the "trj 
K = 4: right-moving sector. As examples, we 
dimensional (1,2) models whose partition fun( 
5*0(24) (g) Es model is particularly simple to t 
case the analogue of (4.27) becomes 

W+ll' + SS' = i (^ + 7-^) [2/3' + (7'-- 

where we have set Jintemai = 0. Upon substitui 
inal partition function in (3.16) and translatin 
find the partition function (4.3) with the F^s gr 
firms that the solution in (4.21) corresponds to 
(left-moving) gauge group claimed. Similarly t 
partition function in (3.16), we obtain the solu 
firming the interpretation of that solution as 
with the quoted gauge group. 

We stress again, of course, that this dictio 

duplicate the results found earlier, for the gei 
previous subsection merely assures the creati 
sions Z. It is the crucial fact that we can deri 
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our dictionary translation which guarantees their interpretation as the partition 
functions of actual models. To illustrate this fact, let us consider the creation 
of (1,4) models having gauge groups G of the form Gi2(^Gs, where Gr denotes 
a simple (and simply-laced) group of rank r. Recall that the procedure given 
in the previous subsection allows us to specify our possible (1,4) functions Z in 
terms of the simpler <S-invariant expression f . Since we expect a gauge group 
Gr to reveal itself in Z through the presence of factors which are linear combi- 
nations of (3^, 7^, and 6^ where p = r/4: [for example, the factor (or character) 
corresponding to Eg is {P^ +'y'^ + 6^)], we can survey many such Z's by building 
functions f of the form f^*'-') = A^^q''^^ ^ where, for example, 

qW = , Q(2) = , = /Jf +7^ +5f , = pP-jP+SP . (4.38) 

Some of these possibilities we have already examined: for example, we have 
confirmed that f^^'^) generates an 50(24)050(16) model, and that f^^'^^, f^^-^), 
and f(^'^) each generate the 50(24)0^^8 model. In fact, we have also seen that 
f(^'^) leads to the maximally-symmetric 50(40) model (by construction), and 
f(4,3) ^^j-ns out to be a null solution (all the F's vanish). However, there are 
eight other distinct modular-invariant functions Z which can be constructed in 
this form [eight rather than ten because f^^^-'^^ and f^^'^) each lead to 

the same Z], and each of these might reasonably correspond to a valid (1,4) 
model. For instance, f ("'-^^ leads to a modular-invariant function Z which is the 
translated version of 

Z = /C {W - 77' + ^5^) (/3^ - 7^ + S^) ■ (4.39) 



However, there does not exist a (1,2) model h£ 
tion. Our dictionary therefore enables us to coi 
model which can be generated for this case. 

In a similar manner, we can obtain the cor 
(Z) = 4). In four spacetime dimensions the m 
is 50(44), and the partition function of the ( 
(3.13). It is a simple matter to rewrite 

;5=^/2^n/2 + ^3/2^11/2 ^ j3/2^ii/2 ^ 

= f/^i3^y^ + i(73/2+f/' 

whereupon a quick comparison with the soli 
K = 8 dictionary: 





= As 


= <= 


^(8) 


= Bs 


= -Sf ~ 


^(8) 


= Cs 


— ^3 



where the factors from the right-moving K = 

j^K=2,D=4 ^ 1A-1/2J( 
ijf=2,D=4 ^ 1A-1/2J( 
j^K=2,D=4 ^ 1^-1/2 J 

Note that it is extremely fortunate that the soli 
satisfying P^SPsf = 0, for if this solution had i 
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could not have been built. Once again, wc observe that this dictionary is 
self-consistent, with both sides of (4.41) having modular weight fc = — 1 and 
mixing identically according the matrices M(g) and A'^(s) under the [S]- and 
[T] -transformations respectively. We remark that (2, 8) models can be built as 
well, simply by taking these expressions Rf~'^'^~'^ as the valid representative 
partition-function contributions from self-consistent left-moving K = 2 sectors. 

As in the K = A case, the J factors in (4.42) arise in the (1,2) theory 
from spacctime-related degrees of freedom; the remaining factors, on the other 
hand, arise from purely internal degrees of freedom. However, unlike the if = 4 
case, it would have been impossible now to obtain a complete GSO projection 
with these internal factors, for the analogous combination 7^/^ — — 5^/^ 
is non-vanishing. Fortunately, the K = 8 theory provides three string-function 
expressions As, Bs, and Cs to relate to our three ij^=2.o=4 factors, so our 
K = 8 dictionary could nevertheless be constructed. It is indeed curious and 
fortuitous that the K = 4 and K = 8 theories provide exactly the needed number 
of independent string-function expressions with which to build supersymmetric 
fractional superstring partition functions. 



5. MODEL TRANSLA' 

In the previous section we established oui 
they enable us to confirm whether the possibL 
valid {1,K) models. Of considerably more int( 
examining those that do correspond to model 
this space of new {l,K) models and determin( 
relevant features. This is, in a sense, the o 
use our dictionaries to determine which of tl 
translated. We will find that not all (1,2) : 
that only those possessing a maximal numbe 
are in correspondence with valid (1,-f^) model 
spacetime supersymmetry'^'). 

At first glance it may seem that our dictior 
any spacetime-supersymmetric (1,2) model tc 
K = 4: case, if our (1,2) model has a partition 

where X, Y , and Z are arbitrary holomorphic 
algebraic identity 

M + W+'^Z = {j + 6) [^{Y + Z)] 

+ (0 + -f-S) [\X + \Y-\Z] 

and the dictionary (4.35) allow us to constru 
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corresponding (1,4) model: 

Z(iA) = r2-2A-i|:4l(y + Z) + SI[4X + 2(F-Z)]| . (5.3) 

This result will be modular-invariant provided (5.1) is modular- invariant. Note 
that the identity (5.2), which makes the necessary rewriting possible, is simply 
the statement that the linear combinations 7 + 5, /3 + 7 — 5 , and J = 7 — /3 — 5 
span the three-dimensional space spanned by the combinations /3, 7, and 5 
separately, and therefore setting J — Q (the internal GSO projection) always 
leaves the remaining two left-moving factors and to multiply the right- 
moving factors A4, and in the (1,4) partition function. The same argument 
can be made for the K = S case as well. It would therefore seem that the 
spaces of (1,-f^) models are as large as the spaces of (1,2) models compactified 
to the appropriate dimensions D = 2 + 16/ K, a conclusion which would suggest 
that the dictionary translation idea does not yield the expected substantial 
truncation in the sizes of the space of {1,K) models (which are of course in 
their critical dimensions). 

Fortunately, this is not the case, for there are two important reasons why 
valid supersymmetric (1,2) models may fail to be translatable. First, they may 
fail to have partition functions of the needed general forms 

Z = r2-^A-iA-^/^j{^(^°-^'/^X + 7(^°-^)/^F + 5(^°-^)/^z| ; (5.4) 

indeed, we will see that the vast majority of known supersymmetric (1, 2) models 
do not have this form. Second, even though a given model may technically 



have a partition function of the form (5.4), its 
contributions to that partition function may tt 
forms. We will discuss each of these possibiliti 

The first possibility is that a given (1,2) s 
may fail to have a partition function of the 
spacetime supcrsymmetry guarantees the pres 
functions must always appear as in (5.4) for 
we are not assured that our remaining right-m 

•11 u _(lO-_D)/4 t(10--D)/4 

Will be p , 7*^ ^^/"^ d , or th( 

from (3.14) and (3.15) we see that we are asi 
factors must contain 10 — D powers of iJ-funci 
obtain (in the K = 4: case) expressions such 1 
appearing instead. Since the self- consistency o 
mands that the number of remaining 1? power! 
fractional powers are indeed our only other p 
supersymmetric (1,2) models in Z) = 6 will in^ 
partition functions. The same problem exists 
translatability requires that these factors tak 
yet terms such as /Sj^^"^ and {(SjS)^^'^ are also 
occurrences in the space of supersymmetric mi 
stand which models do not have such factors 
will thereby be translatable. 

It is clear that in order to obtain the desi 
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factors and simultaneously avoid the unwanted ones our underlying model 
must have a symmetry relating the internal {i.e., non-spacetime-related) right- 
moving worldsheet fermions so that they each uniformly produce the same 
contributions to 2. For example, these 10 — D internal fermions must have the 
same toroidal boundary conditions in all sectors of the model, and be in all 
respects interchangeable. Such a worldsheet symmetry is not new: if such a 
symmetry appears amongst the left-moving worldsheet fermions. there will be 
corresponding massless spacetime vector particles transforming in the adjoint 
representation of this symmetry group. Thus, such a left-moving worldsheet 
symmetry can be interpreted as a spacetime gauge symmetry. What, however, 
are the spacetime consequences of such a right-moving worldsheet symmetry 
involving these 10 — D worldsheet fermions? 

Fortunately, such a worldsheet symmetry is easy to interpret: it is respon- 
sible for a multiplicity in the number of spacetime gravitinos, so that the larger 
the rank of the symmetry group, the larger the multiplicity. In fact, if the rank 
of this worldsheet symmetry group is 10 — D (so that all internal right-moving 
fermions are involved, as is needed for translatability), then the number of 
gravitinos in the spectrum of the model is A^max, where A^max is given in (4.1). 
The analysis needed for proving this assertion is not difficult, but varies greatly 
with the type of (1, 2) model-construction procedure we employ; in Appendix B 
we provide a proof using the free-fermion construction of Ref. [10]. We there- 
fore conclude that only models with N = A^max supersymmetry have partition 



functions of the form (5.4). 

In the K = 2 case {D = 10), this of course 
A^max = 1 for Z) = 10, the only models which ha 
(5.4) are indeed those which are supersymmet] 
models, and their partition functions are giv 
however, this translatability requirement is n 
majority of supersymmetric (1,2) models in . 

[12] 

SUSY. For example, it has been found tl 
of D = 4 free-fermion models, there exist fewc 
this is to be compared against over 32 000 mo 
virtually limitless supply with no spacetime si 
therefore, that the number of translatable {1,'. 
the number of (1,8) models — is severely rest] 
A similar restriction exists for the K = 4: case 

As mentioned earlier, there is also a secon( 
fail to be translatable, even if it does technici 
the algebraic form (5.4). Let us consider the se 
partition function of a model from the spaceti 
respectively. Recall that in the spacetime Jacol 
contribution from spacetime bosons (the Never 
is the contribution from spacetime fermions (th( 

★ This statement assumes that we have ca 
time bosonic and fermionic states in con 
as will be discussed below. 
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holomorphic factors in the partition function represent purely internal degrees 
of freedom. Let us therefore separate these two pieces, and write the general 
bosonic and fermionic partition functions from an arbitrary model as follows: 

= T2'=A-iA"'/'|(7-5)l/ + wA , 

_ , (_ . (5-5) 

Zf = T2'=A-^A ^^^l(3V + Wf\ . 

Here Wb is that part of Zb whose spacetime anti-holomorphic factor is not 
proportional to (7 — J). It is clear that the total partition function Z = Zb — Zf 
will be of the algebraic form (5.4) if Wb = Wf = W where W is arbitrary and 
if V is of the form of the term in braces in (5.4). However, translatability 
additionally requires that W vanish, regardless of its form. The reason for this 
is quite simple. liW^i), then allowing Wb and Wf to cancel in the difference 
Zb — Zf amounts to cancelling spacetime bosonic and fermionic states and is 
therefore inconsistent with our retention of the spacetime Jacobi factor J in 
(5.4); indeed, writing Wb — Wf = is tantamount to simply writing J = in 
(5.4). Another way of seeing this is to realize that while Wb and Wf might 
be algebraically equal, the spacetime factor in Wb must include combinations 
of 7 and 5 only (since it comes from spacetime bosonic degrees of freedom), 
while the spacetime factor in Wf must be simply /3. Such expressions Wb and 
Wf should therefore not be cancelled, so translatability requires that they not 
appear at all. Note that this additional constraint T4^ = is not vacuous, for 
there exist many models for which the total Z is of the algebraic form (5.4) 
but for which W ^ Q: these are models with partition functions of the form 



Z + W — W . It turns out, however, that any (1 
is guaranteed to have W = 0, so the N = Ny^a, 
ensure model translatability. (In fact, as noted 
does the N = TVmax constraint cease to be over 
again that N = TV^ax SUSY is the (1, 2) physic 

One might argue that this N = A^max trans 
artificial: our dictionary was constructed by 
{1,K) model with the maximally symmetric 
since this latter model always has an N = 
N = A^max constraint was thereby "encoded" : 
ginning. Indeed, one might claim that other d 
for N < Nmax cases simply by comparing, for e 
ric (l,K) model with a maximally symmetric 
ever, such approaches ultimately fail to yield ! 
mathematical level, this occurs because it is nc 
■!?-function expressions which could appear on 
naries: such expressions would have to be no 
also closed under [S], and the N = A^max sol 
the only ones possible. On a physical level, ^ 
follows. Unlike the (1,2) models in D < 10, 
critical dimensions, and therefore they lack "i: 
freedom. Thus, we expect that any dictionar;' 
sector to a ii" > 2 right-moving sector should 
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tra degrees of freedom in the K = 2 sector in order to introduce twists or 
(super) symmetry-breaking; rather, we expect these degrees of freedom to be 
"frozen out" , handled jointly as though they were one block. This is precisely 
how they appear in the dictionaries (4.35) and (4.41), and is the root of the pre- 
viously encountered indistinguishability of (or symmetry relating) the internal 
right-moving fermions. Thus, it is indeed sensible that our (1,-?^) models are 
the analogues of the N = A^max (1,2) models, for both are the unique models 
in which no internal right-moving degrees of freedom are available for (super- 
)symmetry breakings. Note that this argument does not tell us the degree of 
supersymmetry for the {i,K) models themselves. However, both an examina- 
tion of the individual bosonic and fermionic degrees of freedom and an overall 
counting of states indicate that the (1,^^) strings have N = 1 supersymmetry 
[as distinguished from the {K, K) strings, which have N = 2 supersymmetry'^']. 

Finally, we should point out that it is also possible to build fractional su- 
perstring models which are not spacetime-supersymmetric. There are primarily 
two ways in which this can be done. First, it is possible to construct string- 
function expressions which are similar to Ak, Bk, and Ck but which do not 
vanish; partition functions built with these expressions would then correspond 
only to norirsupersymmetric models, and analogous dictionaries could be con- 
structed (in the manner presented in Sect. IV) guaranteeing that such self- 
consistent {1,K) models actually exist. Constructing such expressions is not 
difhcult: of all the requirements listed after (3.27), we need only eliminate the 
tachyon-free constraint a„ = for all n < 0. Note that removal of this require- 



ment need not introduce spacetime tachyons 
(1, A') model, for in general a partition functic 

will have physical tachyons only if a diagonal ( 
n < 0. Indeed, it is easy to choose holomorphi^ 
in such a way that a„„ = for all n < 0. 

A second way to build non-supersymmetr 
with the supersymmetric expressions Ak, Bk 
but then separate them into their spacetime bos 
a way that Ak = A^^^ -A^^ , etc. For the K = 
0, it is clear how to do this: the term re 
Ramond {i.e., spacetime- fermionic) sectors in 
term -y — S arises only from a Neveu-Schwarz 
For the K > 2 "para-Jacobi" identities Ak 
situation is more complicated. A first approacl 
developed in Sect. IV to relate our desired K > 
the known K = 2 pieces: we would simply spli 
Jacobi factor J which appears in the K = 
attempt to construct, for example, the if = 4 s 
and B^''^^ which would be consistent with the 
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4'^ =4fcA-i/2(7-<5).t(7 + '5)int 
=4fcA-i/2(/3),t(7 + ,5)i„t 

(5.7) 

where we have exphcitly indicated with subscripts the separate K = I spacctime 
and internal factors. However, it is easy to see that this method is not appropri- 
ate, for we do not expect the cancellations occurring in the full expressions Ak 
and Bk to mirror the relatively simple cancellation occurring in the K = 2 case. 
Indeed, it is easy to show that no string functions for the left sides of (5.7) can 
be found which transform under [S] and [T] as do the right sides. Instead, one 
can determine the separate bosonic and fermionic contributions to the expres- 
sions Ak, Bk and Ck by demanding that these individual contributions each 
have g-expansions X^n'^n'?" which all coefficients a„ are non-negative, and 
have relatively simple closure relations under [5*]. This approach, in fact, proves 
successful, and yields results consistent with our interpretation [discussed after 
(3.31)] that the terms {cq)^~^{cq) are bosonic and the terms (c^/2)^~^ 
fermionic.'"' Thus, the construction of non-supersymmetric {1,K) models is in 
principle no more difficult than that of the supersymmetric models we have 
already considered, and we expect our dictionary techniques to generalize to 
these cases as well [though of course not yielding dictionaries similar to (5.7)]. 

To summarize the results of this and the previous section, then, we have 
succeeded in developing a method by which the partition functions of valid 
supersymmetric {l,K) models can be generated and their gauge groups identi- 



fied. This was achieved by establishing a corres 
and (1,2) models in D = 2 + 16/ K dimensio 
[Eqs. (4.35) and (4.41)] enabling one to "transl 
understood K = 2 sector and the less-unders 
K > 2 sector. We found that only (1,2) mod 
translatable, and we were thereby able to est 
{1,K) models. 
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6. FURTHER DISCUSSION AND REMARKS 

In this concluding section we discuss two different extensions of our results: 
these are the questions of obtaining chiral fermions and achieving Lorentz in- 
variance. We begin by investigating how chiral fermions - or more generally, 
chiral supermultiplets might arise in the fractional superstring models we 
have been investigating. Wc discuss several different methods for obtaining 
such multiplets, one of which involves formulating or interpreting these mod- 
els in dimensions less than their critical dimensions. While this might seem 
to spoil the original attraction of the fractional superstring approach, we find 
instead that such a compactification is not at all arbitrary (as it is for the tradi- 
tional superstrings), but rather is required in order to achieve a self-consistent 
Lorentz-invariant interpretation. Indeed, we find that requiring Lorentz in- 
variance seems to specify a "natural" dimension in which the theory must be 
formulated, thereby (in a unique manner) simultaneously offering a possible 
solution to the chiral fermion problem. Wc emphasize that such a "forced" 
compactification appears to be a feature wholly new to fractional superstrings. 
Furthermore, we find that the "natural" dimension for the K = 4 string appears 
to be = 4, rendering the K = 4 fractional superstring the most likely candi- 
date for achieving chiral particle representations in four-dimensional spacetime 
while maintaining Lorentz invariance. 

Wc begin by investigating how we might obtain chiral massless spacetime 
supermultiplets {i.e., supermultiplets which transform in a complex representa- 
tion of the gauge group) in our fractional superstrings. Recall from Sect. Ill that 



the massless particles appear only in the Ak t 
we have examined; indeed, for K > 2, the {c[ 
tains the contributions of the right-moving co: 
particles while the (c^/2)^°~^ term contai 
tjj" (where a is a spacetime Lorentz spinor ind( 
theory in its critical dimension, the massless sp 
is in general 

here (-0",^'*)^: is the fermion/vector supermi 
the left-moving excitations we have indicate' 
states: X" denotes the Lorentz-vector (gauge-s 
the worldsheet left-moving component of the s 
the (^*^'*») denote the various remaining Lorentz 
resentations (with highest weights hi) of the r( 
Within (6.1), the combination 

forms the usual N = 1 supergravity mutliplei 

g^'^, spin-1 antisymmetric tensor field B^" , spi 
X"", and spin- 1/2 fermion A". All of these stf 
The only other combination within (6.1) allow 
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is 

{iP",AI')r ® {<i>^^-'''^)L (6.3) 

where these left-moving states fill out the adjoint representation of the gauge 
group. This yields, of course, a spacetime supermultiplet consisting of spin-1 
gauge bosons and their spin- 1/2 fermionic superpartners t/j^dy '^^^ crucial 
point, however, is that this supermultiplet structure therefore does not permit 
spacetime fermions which transform in any other {e.g., complex) representations 
of the gauge group. 

In the usual superstring phenomenology, a chiral supermultiplet can be 
achieved by introducing an additional right-moving supermultiplet of the form 
{(f)i,'ip°')R where the (pi, i = l,...,D — 2, are a collection of Lorentz scalar fields. 
We then obtain, as in (6.1), the additional states 

{^i,^")R © (1)^'''^ © ^'■""''^ © -| ■ (6.4) 

The combination 

{'Pi,i^nR ® (6.5) 

yields additional spin-1 vector bosons A", spin- 1/2 fermions tjj", and spin-3/2 
gravitinos X"" (thereby producing an > 1 SUSY unless these extra gravitinos 
are GSO-projectcd out of the spectrum). However, since (6.4) is built with the 
right-moving supermultiplet (^i, ■0")i?, the level-matching constraints now also 



allow the additional combinations 

where the gauge-group representations are not 
these combinations (6.6) can yield chiral spacel 
the highest weights of complex representation! 
contain chiral massless spacetime fermions t: 
fundamental representation. 

How might these additional supermultiplet; 
superstring theories? At the partition functioi 
new terms of the form {cq)^^~'^{cq) to be interp 
tions of massless scalar fields. Such (02,-0") mi 
dated simply by multiplying the overall K = 4 
an appropriate integer (so as to maintain mod 
the actual particle spectrum, however, it is not 
arise. Extra fermions are not difficult to find, 
of freedom while the Dirac 7-matrix algebra, 
condition, reduces this to 2^/^~^ degrees of fr( 
other degrees of freedom remaining for chira 
fields, on the other hand, are more difficult to 
as follows. For K > 2 there also exist extcndec 
have the same central charge as our usual p;; 
more than one 0o field. At first sight, these ex 
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Lorcntz indices /i associated witli them. However, recall that in the parafer- 
mion theories there are additional parafermion fields whose characters have not 
appeared in the partition functions: these are the half-integer spin fields. It 
may therefore be possible to interpret these extra fields as Lorentz scalar 
composites of the half-integer spin fields - e.g., the composite ('?^J/2)''(^-i%)/^ 
may contain the additional (f)Q field in the extended parafermion theory. Form- 
ing these fields as composites may allow them to be interpreted as Lorentz 
scalars, much as the scalar composite : e''e^ : appears as one of the descendants 
of [as in (2.10)]. These scalars would then supply the scalar fields needed for 
chiral supermultiplets. Of course, a detailed analysis is necessary to see if these 
scenarios are possible. 

A more widely-known and established method of generating supermultiplets 
{(f)i,tp°') in string theory is through spacetime compactification. Since the K = 8 
string is already in Dc = 4, let us focus on the (1,4) heterotic string with Dc = 6. 
For this string, we can choose to compactify two space dimensions: 

(^«^A'') {r,An ® {(t>i,r) ; (6.7) 

here the A^^, ^ = 0,1, 5 in the D = 6 theory breaks down to A^, /i = 0, 1, 2, 3 
in D = 4, with the remaining fields reidentified as internal scalars: = (pi 
and A^ = (j)2- Similarly, the four-component Weyl fermion in D = 6 splits into 
two two-component fermions in D = 4. Therefore, the degree-of-freedom count 
corresponding to (6.7) is 

(4 + 4) — ^ (2 + 2) + (2 + 2) . (6.8) 



In the usual (1,2) string compactified to four 
cisely this mechanism which breaks the ten-di 
four-dimensional Lorentz symmetry. The sep 
{(j)i,tjj")ii can then couple to different left-movi 
ity of chiral fermions in the fundamental repr 
group. 

There is, however, a crucial difference beti 
usual (1,2) heterotic string and the compactifi 
spacetime dimensions. In the usual superstrinj 
one arbitrarily chooses the resulting dimensioi 
late the (1,2) theory, and there are neither d 
why four dimensions is chosen. For the (1,4 
that even though the critical dimension is Dc 
indicates that there does not exist a six-dime 
interpretation consistent with Lorentz invaria 
chanics. Indeed, we will see that the largest nn 
which a consistent interpretation exists is D = 
dimension. Hence, the (1,4) string appears un 
to (or interpretation in) four spacetime dimens 
intrinsic structure of the theory itself. 

Let us see how this comes about. Recal 
ter for [0^„]. Also recall that the parafermion 
the m-quantum number is additive (modulo 1 
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bcr is not. As wc have already observed, the (cq)'^(cq) term in A4 represents 
the contribntions from spacetime bosons, and the (c|)'* term in A4 represents 
the contributions from spacetime fermions. Hence, as is argued in Ref. [11], 
terms with D — 2 factors of c^^2 (with arbitrary values of £) correspond to 
spacetime fermions, while terms of the forms (cg)^"^ (with arbitrary values of 
£) correspond to spacetime bosons. Such identifications arise essentially from 
recognizing the worldsheet vacuum state corresponding to (?!'o)^~^ as yielding 
spacetime bosons [it is the analogue of the K = 2 Neveu-Schwarz vacuum (0o)^], 
and recognizing the worldsheet vacunm state corresponding to ((^^^^4)"^"^ as 
yielding spacetime fermions [it is the analogue of the K ~ 2 Ramond vacuum 
(•^±1%)^]- Note that this identification is in fact consistent at all mass levels, 
since excitations upon these respective vacua occur only through the e = 
field, and the parafermion fusion rules show that applications of cannot 
change the m-quantum numbers of these respective vacua. Furthermore, since 
the m-quantum number is additive modulo K/2, this identification indeed re- 
produces the desired Lorentz fusion rules B^B = B, B0F = F, and F^F = B, 
where B and F represent spacetime bosonic and fermionic fields. Thus, with 
this interpretation in D = Dc spacetime dimensions, we see that it is straight- 
forward to determine the spacetime statistics of the particles contributing to 
each term in A4 and Ag. 

However, we now note that in B4 there exists a term of the form (c2)^(cq)^ 
which has only massive states [i.e., in a (/-expansion of this term we find 
q'^{l + ...) where h> 0]. Although this term may have more than one interpre- 



tation, the elementary particles giving rise to tl 
either bosons or fermions in six spacetime dime 
arise through e-excitations from either the six-i 
vacuum state. It is, therefore, natural to interp 
from either: 

1. fermions in four spacetime dimensions [th 
with additional internal quantum numbe 

2. bosons in four spacetime dimensions [the 
with additional internal quantum numbe 

How might such internal factors arise? Le 
superstring theory, where in Dc = 10 spacetir 
tor (corresponding to spacetime fermions) al"w 
function the factor ~ic\f = -^?2'^/(16Ai/2). 
ing in A2 in Eq. (3.29); the presence of the 
tion of the underlying rotational invariance ol 
However, compactifying a model to a dimens 
required; indeed, we have seen in Sect. Ill t 
D < Dc flat spacetime dimensions, we obtain 
with string-function factors of the form c^~^c^ 
from spacetime-associated degrees of freedom ( 
carrying a spacetime Lorentz index) and where 
ditional internal degrees of freedom {i.e., world 
indices). In the present case, upon compactifi< 
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the form (fi^/2)^^^('^o )^"^^ where the second factor represents contributions 
from spacetime bosons (and is the K > 2 analogue of the contributions from the 
usual Neveu-Schwarz sectors of the theory). Remarkably, this is precisely what 
occurs in B4. Apparently, six-dimensional Lorentz invariance for the K = 4 
string appears to be explicitly broken. 

Note that - at tree-level - the particles in the A4 sector couple only to 
other fields in the A4 sector; in particular, the tree-level scatterings of masslcss 
particles do not involve the sector. At the string loop level, however, fields 
in the B4 sector couple to the massless particles in the A4 sector, so we see 
that it is the string's own quantum effects which render the theory in its crit- 
ical dimension inconsistent with Lorentz invariance. Thus, in this sense, it is 
quantum mechanics and the requirement of Lorentz invariance which together 
necessitate or induce the compactification from the critical dimension (six) to 
the natural dimension (four). This mechanism is quite remarkable, and has no 
analogue in the traditional K = 1,2 string theories (in which the critical dimen- 
sions are the natural dimensions). In particular, only for the K > 2 theories do 
such independent B-sectors appear; for K = 2 there is only one possible super- 
symmetric A sector, corresponding to the one supersymmetry identity (Jacobi 
identity) for = 2. It is the presence of a unique Bk sector for K > 2, itself 
necessitated by modular invariance and closure under [S], which induces this 
compactification. 

The same argiiment applies to the K = ^ string (for which the critical di- 
mension is four but the natural dimension is three), but with one additional 



feature. As before, the As expression [Eq. (3.3 
tent with a D = Dc = 4 spacetime boson/ferrr 
can quickly see that the Bg expression is not 
tion; rather, the form of this expression dictati 
interpretation. Now, the third expression Cg 
tions only of the type c^^^ = c^. (Recall th 
only is Cg therefore consistent with three-dim( 
in fact Lorentz invariance in any number of 
above interpretation indicates that Cg must co 
spacetime Lorentz spins 1/4 and 3/4. Howcv 
spin fields {i.e., anyons) are consistent with c 
invariance in three spacetime dimensions, th( 
way in which self-consistency selects this dime 
K > 2 strings seem to select naturally their pre 
are the dimensions in which consistent Lorentz 
achieved. 

Note that if such speculations are indeed c 
models we have constructed in this paper h; 
spectra, for when we interpret them in four 1 
respectively these string theories contain worl 

compactifiecl. However, we expect the "diction; 
in this paper to be easily generalizable to the ( 
well. 
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In summary, then, although there may well exist other possible interpreta- 
tions of these partition fmictions, we find the above speculations both tanta- 
lizing and intriguing. It is indeed fortuitous that the solution to what might 
have seemed a problem (i.e., finding an interpretation consistent with Lorentz 
invariance) also simultaneously provides a possible solution to the more phe- 
nomenological problem of obtaining models with chiral fermions. It is also 
strongly compelling that the quantum structure of the theory itself seems to 
dictate this solution. These are issues clearly worth investigating. 
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APPENDIX A 

In this appendix we introduce the string functions (or parafermion charac- 
ters) c^, collecting together their definitions, modular transformation proper- 
ties, special cases, and identities. The results quoted here are due mostly to 
Kac and Peterson!^' 

The string functions are essentially the characters of the parafer- 
mion fields 

Zl = vci (A.1) 
where i = 2j, n = 2m, and where r] is the Dedekind r?-function: 

n—1 n——oo 

with q = e^'^"". Since the Zk parafermion theory can be represented as the 
coset theory SU{2)k/U{1), the string functions can therefore be obtained by 
expanding the full SU{2)k characters Xe{T,z) in a basis of U{1) characters 
Qn,K{T,z)/r]: 

2K—i—l 2K—i—l 

Mr,z)= ^ Ziir) ®r^Mr,z) ^ ^ 4(r) e„,K(r, z) . (A.3) 



n=-t 



Here Qn,K{j-, z)/ri are the characters of a C/ (1) boson compactified on a radius 
^/K. Since the SU{2)k characters and the Qn.K functions arc well-known, 
explicit expressions for the string functions can be extracted. Eq. (A.3), then, 
can be taken as a definition of the string functions c^. 



Expressions for the string functions cf, wcr^ 
Peterson; for our purposes, however, a useful 



[15] 



due to Distler and Qiu: 

oo 



r,5=0 



lO-m) _ ^K+l-2j + r 



where ^ — n € 2Z and where the highest weigh 

,e = ^(^ + 2) _ 
" ~ 4{K + 2) 4K 

The string functions have the symmetries 



as a consequence of which for any K we are f 
functions where < £ < K and < n < rimax 
and £ — 2 otherwise]. 

The string functions are closed under the 
T. In fact, under T : r — > r + 1 they transform 

c^(r + l) = exp{27ris 

where the phase is given by 



Here is defined in (A. 5), and Co is the ce: 
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theory [given in (2.13)]. Under 5 : r ^ — l/r, the level-K string funetions mix 



among themselves: 



[9] 



K K 



cK-l/r) = 



J2 E H£,nJ',n')ci, (A.9) 



e = n' = -K + l 



where the first square root indicates the branch with non-negative real part and 
where the mixing coefficients b{£,n,£' ,n') are 



b{t,n,£,n) = expi — ^t;^ > sm 



K 



K + 2 



(A.10) 



Prom (A. 7) and (A.9) it follows that the string functions have modular weight 
k = —5. 

Note that in the special K = 1 and K = 2 cases, the string functions can 
be expressed in terms of the Dcdekind r;-function (A. 2) and the more familiar 
Jacobi i9-fimctions; these relations are given in (3.18) and (3.19). In particular, 
these i?-functions are 



Mr) 

Mr) 
Mr) 



n=l 

DC' 

n=l 



(A.11) 



n=l 



and under the [S] and [T] transformations [where the bracket indicates the 



stroke operator, defined in (3.10)], we find 

MS] = exp(77rz/4) i?4 , MT 
MS] = exp(77rV4)t?3 
MS] = exp(77rV4)^?2 
ri[S] = exp(77rz/4) 77 
Note that (A. 12) is indeed consistent with the 
(A. 7) and (A.9) for K = 2; in particular, under 
Cq + Cq transforms as an eigenfunction while Cj 
other. 



MT 
MT 



The 5-transformation formula (A.9) assui 
for the K = 4 case. In this case there are sev 
under [S] they can be block-diagonalized as fo 



C2 



[S] = e"^/4R- 



and 



/c8 

' \s] 

\ 4 



where 



^2 4 4 4 \ 

2-2 4-2 

1 2 -2-2 

\2 -2 -4 2 / 



R- 
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Note that (R+)^ = (R-^)^ = 1, as required. 

This mixing pattern seen for the K = 2 and K = A cases exists for other 
higher even values of K as well. For any such K, we can define the linear 
combinations = ± when {I, n) are even; note that these d-functions 
will also be eigenfunctions of [T] if ii' e 4Z because in these cases = s^~^ 
(mod 1). It then follows from (A. 9) that the d+-functions mix exclusively among 
themselves under S [as in (A. 13)], and that the ^"-functions mix exclusively 
with themselves and with the odd {l,n) string fimctions [as in (A. 14)]. It is 
for this reason that (for K > 2) \t is possible to construct modular-invariant 
expressions involving the string functions in such a manner that the odd string 
functions do not appear. Indeed, one can check that in all the string-function 
expressions which have appeared for the fractional superstring (such as Ak, 
Bk, and Cg), only the d+ combinations have played a role. 



APPENDIX : 

In this appendix we demonstrate, using i 
construction of Ref. [10], that any (1,2) model 
with a partition function of the form 

has an A'' = A'max spacetime supersymmetry 
We assume the reader to be familiar with th 
described in Ref. [10] , and we use the same no 

It is clear that a model with partition funct 
metric; therefore, as discussed in Ref. [10], its 
vectors Wi must include the two vectors 

Wo = [(i)^^+^'= I (i 

and Wi ^ [(O)-'^(Oii)*^ 

where k, the modular weight, equals 1 — 0/2 
vectors indicate the boundary conditions of t 
sheet fermions, and we see that the four comple 
ary conditions in Wi {i.e., the four whose com 
ones which together contribute the spacetime 
remaining 2(4 + /s) = 10 — right-moving co: 
those whose components in Wi equal i) arc 1 
remaining factors of ^(io--D)/4^ 
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In order for our model to have a partition funetion of the form (B.l), these 
remaining (10 — D) worldsheet fermions must have the same toroidal boimdary 
conditions in all sectors of the model which contribute to the partition function. 
In particular, this must be true separately for spacetime bosonic and fermionic 
sectors {i.e., those which have as = |, respectively in the notation of Ref. [10]). 
This can occur only if every other spin-structure generating vector Wi has equal 
components for these 10 — D fermions (thereby giving rise to the maximal right- 
moving "gauge" symmetry discussed in Sect. V). Thus, any other spin-structure 
vectors Wi in the generating set must have a right-moving component of the 
form 

Wi^ = [(0)-'= (X)4+'=] (B.3) 

where each factor X is independently either (000) or (0^^). In determining 
(B.3) we have had to satisfy the "triplet" constraint; we have also made use of 
our freedom to choose (without loss of generality) vectors which have their first 
components vanishing. 

Let us now consider the constraints which must be satisfied by the gravitino 
states. These states all arise in the Wi sector, and have the charge vectors 

Qgrav = Nw.+Wi-Wo = [(±i)-'=(±i00)4+'= I {0f^+>'] (B.4) 

where in principle all ±i combinations are allowed. The constraint due to the 

Wo vector, however, immediately projects out half of these states, allowing only 
those with charge vectors in which the product of non-zero components is posi- 
tive. This by itself leaves us with eight distinct allowed states, and these states 



are precisely those which combine to form the 
our model will contain fewer gravitinos if and o 
generating set produce constraint equations re 
from the physical spectrum. The Wi-vector 
however, and since any additional W-vectors 
nents of the forms (B.3), they each give rise 
form 

= f{kij) 

where f{kij) is a function of the projection coi 
Note, in particular, that (B.5) does not involve 
we see that either all or none of the A^max g: 
spectrum: all gravitinos remain if the projectioi 
in each case f{kij) = 0, and none remain oth 
our model must have at least an TV = 1 spacei 
in order to have a partition function of the fc 
N = A^max spacetime supersymmetry. 
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